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We prove uniform decay estimates at inﬁnity for solutions 0 u ∈ Lp of the semilinear
elliptic inequality u + auσ + bu  0, a,b  0, σ  1, in the presence of a Sobolev
inequality (with potential term). This gives a uniﬁed point of view in the investigation
of different geometric questions. In particular, we present applications to the study of the
topology at inﬁnity of parallel mean curvature submanifolds, to the non-compact Yamabe
problem, and to estimate the decay rate of the traceless Ricci tensor of conformally ﬂat
manifolds.
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1. Introduction
The main achievement of this note is represented by the following general estimating result. Roughly speaking, in the
spirit of Moser iteration methods, it shows how to obtain the rate of uniform decay at inﬁnity for solutions u  0 of the
semilinear elliptic inequality u + auσ + bu  0, a,b 0, σ  1, from suitable integral estimates of u, provided: (a) the un-
derlying manifold M supports a Sobolev inequality (possibly with potential term) and (b) the solution u (which in general
has a geometric content) suitably rescales whenever the background metric rescales by a constant factor.
Theorem 1. Let (M, 〈, 〉) be an m-dimensional, complete Riemannian manifold satisfying, outside a compact set K ⊂ M, the Sobolev
inequality(∫
M
ϕ
2m
m−2
)m−2
m
 A2
∫
M
|∇ϕ|2 + B2
∫
M
ϕ2 (1)
for every ϕ ∈ C∞c (M \ K ), and for some constants A > 0, B  0. Let 0  u ∈ Liploc(M) be a function depending on the background
metric of M in such a way that, under the dilation
〈˜, 〉 = λ2〈, 〉, λ = const. > 0, (2)
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u˜ = u
λq
, (3)
for some q 1. Assume that u satisﬁes the differential inequality
u −auσ − bu, (4)
weakly on M \ K , where a,b, σ are real numbers such that
a > 0, b 0, 1 σ  q + 2
q
. (5)
Set
ξ =
{
0, b + B > 0,
(σ−1)m
2 , b + B = 0.
If
limsup
R→+∞
{
Rp(2γ−ξ)
∫
M\BR
u2γ
}
= 0 (resp. < +∞), (6)
for some 0 p  q and γ  m2q , then
limsup
R→∞
{
Rp sup
M\BR
u
}
= 0 (resp. < +∞, provided 2γ 
= ξ). (7)
The rescaling assumption on the function u could sound quite strange but, in fact, it is natural in geometric applications.
Indeed u encodes geometric data, such as the length of the mean curvature of an isometric immersion or the stretching
factor in the conformal deformation, and therefore it depends directly on the background metric; see also Remark 3 below.
We also explicitly note that, under the assumption
u ∈ L2γ (M), (8)
for some γ  m2q , an application of Theorem 1 with p = 0 gives the uniform estimate
lim
R→+∞ supM\BR
u = 0.
As a matter of fact, in the special case
b = 0, γ = m
2q
, B = 0, σ = q + 2
q
,
(8) implies the improved conclusion
lim
R→+∞ R
q sup
M\BR
u = 0.
Indeed, in this situation, the integral estimate (6) is trivially met. For instance, this occurs if the Sobolev inequality (1)
holds with B = 0, σ = (m + 2)/(m − 2) and u rescales by a factor q = (m − 2)/2. As we shall see in Section 4.2 below, this
happens for solutions of the Yamabe problem. A similar situation occurs for minimal submanifolds in the Euclidean space;
see Remark 15 in Section 4.1.
As expected, conditions (6) and (7) show that the rate of uniform decay at inﬁnity of the solution u (e.g. in case b 
= 0) is
inﬂuenced by the integral decay rate of u. Therefore, a natural and very interesting problem is to determine which geometric
conditions, if any, imply the validity of (5). We shall consider this problem in Section 3 below.
Theorem 1 stems from a nice paper by Y.B. Shen and X.H. Zhu [18]; see also the extensions by S. Xu and Q. Deng [19].
These papers are essentially devoted to the study of uniform curvature estimates for parallel mean curvature submanifolds,
with ﬁnite total curvature, into space-forms. Using a quite different approach, similar estimates (and some companion geo-
metric consequences) were previously obtained by P. Berard, M. do Carmo and W. Santos [3], and M. do Carmo, L.F. Cheung
and W. Santos [7].
According to its own origin, Theorem 1 can be speciﬁed to the parallel-mean-curvature setting to get uniform curvature
estimates which sharpen and extend those in [18,19,3,7]. These estimates turn out to be very useful in the study of the
topology at inﬁnity of parallel mean curvature submanifolds, with ﬁnite total curvature, into space-forms of non-positive
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the volume growth of each end. We will deal with these topics in Section 4.1 below.
The range of application of Theorem 1 goes beyond the submanifolds theory and, in fact, Theorem 1 can be used to
study in a uniﬁed way geometric problems that can be summarized into a ﬁnite energy solution of a semilinear elliptic
inequality of the type (4). For instance, inequality (4) naturally guides us towards the Yamabe realm and Theorem 1 enables
us to prove estimating results for, e.g., the energy density of conformal immersions of a locally conformally ﬂat manifold
with bounded scalar curvature into equidimensional spheres, as explained in Section 4.2. In this setting it should be noted
that the integrability assumption may give geometric constraints on the conformally deformed metric; see Proposition 24.
In the setting of locally conformally ﬂat manifolds of asymptotically constant scalar curvature, another interesting appli-
cation of Theorem 1 concerns the decay rate at inﬁnity of the traceless Ricci tensor. This example will be considered in the
last section of the paper; see Section 4.3.
Before entering the main body of the paper, we observe that it would be very interesting to extend Theorem 1 and
its geometric consequences to the case where the coeﬃcients a and b are possibly unbounded functions (with controlled
growth). We shall investigate these possible extensions in a subsequent paper.
2. Proof of the uniform decay estimates
In this section we give a proof of the main analytic result of the paper. In fact, we shall obtain Theorem 1 as a conse-
quence of the following more general local estimates.
Theorem 2. Keeping the notations of Theorem 1, let R2 > 3R1 > 0 and δ > 0 be such that BR1 contains the compact set K and
sup
BR2−R1\B2R1
u  δ > 0. (9)
Fix
γ  m
2q
.
If, for some ε0 > 0 and r > 0,∫
BR2\BR1
u2γ  ε0 (10)
and
rq sup
BR2−r\BR1+r
u  ε
− 12γ
0
( ∫
BR2\BR1
u2γ
) 1
2γ
, (11)
then there exists a constant C > 0, depending only on m, A, B, a, b, δ and γ , such that
ε0  C .
Notation. We begin by ﬁxing some notation that will be used throughout the next proofs. For any positive rays R2 >
R1 > 0 and 0 r < R2−R12 , we deﬁne A(R1, R2) := BR2 \ BR1 and BT (r, R1, R2) := A(R1 + r, R2 − r). We also set ‖v‖p,Ω =
(
∫
Ω
|v|p)1/p .
Proof of Theorem 2. Let us choose r0 ∈ [0, R1] and Q 0 ∈ BT (r0, R1, R2) such that
rq0 sup
BT (r0,R1,R2)
u = max
0rR1
{
rq sup
BT (r,R1,R2)
u
}
(12)
and
u0 := u(Q 0) = max
BT (r0,R1,R2)
u. (13)
From (9) and (13) we get
u0 = sup u  sup u  δ > 0.
BT (r0,R1,R2) A(2R1,R2−R1)
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sup
BT (r0,R1,R2)
u = 1
rq0
max
0rR1
{
rq sup
BT (r,R1,R2)
u
}
 αq sup
BT (αr0,R1,R2)
u.
By noticing that B
2−
1
q r0
(Qo) ⊆ BT (αr0, R1, R2), this latter yields
sup
B
2
− 1q r0
(Q 0)
u  sup
BT (αr0,R1,R2)
u  α−q sup
BT (r0,R1,R2)
u = α−qu0. (14)
Set
ζ :=
∫
A(R1,R2)
u2γ dvM
and note that, by (10), ζ  ε0. Then (11) implies
rq0u0  ε
− 12γ
0 ζ
1
2γ = (ε−10 ζ ) 12γ . (15)
We consider a new metric obtained by rescaling the original metric 〈, 〉 as follows
〈˜, 〉 = [2(ε0ζ−1) 12γ u0] 2q 〈, 〉.
From (15) we get
B˜1(Q 0) =
{
x ∈ M: d˜(x, Q 0) < 1
}
= {x ∈ M: d(x, Q 0) < (2uo)− 1q (ε−10 ζ ) 12γ q < 2− 1q r0}
⊆ B
2−
1
q r0
(Q 0). (16)
By the assumptions on u, from (14) and (16) and noting that
u˜ = [(2u0)−1(ε−10 ζ ) 12γ ]u
we obtain
sup
B˜1(Q 0)
u˜ 
[
(2u0)
−1(ε−10 ζ ) 12γ ] sup
B
2
− 1q r0
(Q 0)
u
 α
−q
2
(
ε−10 ζ
) 1
2γ = α−q[(2u0)−1(ε−10 ζ ) 12γ ]uo = α−qu˜0.
Thus
sup
B˜1(Q 0)
u˜  α
−q
2
=: C1; (17)
(
ε−10 ζ
) 1
2γ = 2u˜0. (18)
Moreover, applying (9) and (16), the rescaling property of u and assumption q m2γ give∫
B˜1(Q 0)
u˜2γ dv˜M 
∫
B
2
− 1q r0
(Q 0)
u2γ dvM
[
(2u0)
−1(ε−10 ζ ) 12γ ](2γ−mq )
 C2
∫
BT (αr0,R1,R2)
u2γ dvM  C2ζ (19)
where C2 := (2δ)(
m
q −2γ ) > 0. Observe that, using (1) and (9) and computing the rescaled quantities dv˜M and |∇˜ · |, we have
S. Pigola, G. Veronelli / Differential Geometry and its Applications 29 (2011) 35–54 39(∫
M
ϕ
2m
m−2 dv˜M
)m−2
m
 A2
∫
M
|∇˜ϕ|2 dv˜M + B2
[
2
(
ε0ζ
−1) 12γ u0]− 2q ∫
M
ϕ2 dv˜M
 A2
∫
M
|∇˜ϕ|2 dv˜M + B2(2δ)−
2
q
∫
M
ϕ2 dv˜M (20)
for every ϕ ∈ C∞c (M \ K ).
Finally, because of (3), (9), (17) and the laplacian transformation rule under rescaling of the metric, we get
˜u˜ = [(2u0)−1(ε−10 ζ ) 12γ ] q+2q u

[
(2u0)
−1(ε−10 ζ ) 12γ ] q+2q (−auσ − bu)
= −a[(2u0)−1(ε−10 ζ ) 12γ ] q+2−σqq u˜σ − b[(2u0)−1(ε−10 ζ ) 12γ ] 2q u˜ −ρu˜ (21)
on B˜1(Q 0), with
ρ := [a(2δ) σq−q−2q Cσ1 + b(2δ)− 2q ]∼ { δ−2/q, b > 0,
δσ−1−2/q, b = 0, δ  1.
Now, let η ∈ C1c (B˜1(Q 0)) be chosen later and let X be the vector ﬁeld deﬁned, for k > 1, by
X := η2u˜2k−1∇˜u˜.
Then, applying the Stokes theorem, we deduce (in what follows, to simplify the writing, we omit the symbol ˜ over norms
and scalar products)
0=
∫
B˜1(Q 0)
div X dv˜M
= 2
∫
B˜1(Q 0)
ηu˜2k−1〈∇˜u˜, ∇˜η〉dv˜M +
∫
B˜1(Q 0)
η2
〈∇˜u˜2k−1, ∇˜ u˜〉dv˜M + ∫
B˜1(Q 0)
η2u˜2k−1˜u˜ dv˜M
 2
∫
B˜1(Q 0)
〈
1√
2
ηu˜k−1∇˜u˜,√2u˜k∇˜η
〉
dv˜M +
∫
B˜1(Q 0)
η2(2k − 1)u˜2k−2|∇˜u˜|2 dv˜M − ρ
∫
B˜1(Q 0)
η2u˜2k dv˜M
−1
2
∫
B˜1(Q 0)
η2u˜2k−2|∇˜u˜|2 dv˜M − 2
∫
B˜1(Q 0)
u˜2k|∇˜η|2 dv˜M + (2k − 1)
∫
B˜1(Q 0)
η2u˜2k−2|∇˜u˜|2 dv˜M − ρ
∫
B˜1(Q 0)
η2u˜2k dv˜M
which, in turn, implies(
2k − 3
2
) ∫
B˜1(Q 0)
η2u˜2k−2|∇˜u˜|2 dv˜M  2
∫
B˜1(Q 0)
u˜2k|∇˜η|2 dv˜M + ρ
∫
B˜1(Q 0)
η2u˜2k dv˜M . (22)
On the other hand, using also the elementary inequality 2ab (
√
2a)2 + ( b√
2
)2 for all a,b ∈R, we have∫
B˜1(Q 0)
∣∣∇˜(ηu˜k)∣∣2 dv˜M = k2 ∫
B˜1(Q 0)
η2u˜2k−2|∇˜u˜|2 dv˜M +
∫
B˜1(Q 0)
u˜2k|∇˜η|2 dv˜M + 2k
∫
B˜1(Q 0)
ηu˜2k−1〈∇˜u˜, ∇˜η〉dv˜M
 k
(
k + 1
2
) ∫
B˜1(Q 0)
η2u˜2k−2|∇˜u˜|2 dv˜M + (1+ 2k)
∫
B˜1(Q 0)
u˜2k|∇˜η|2 dv˜M .
Using (22) into the above we obtain∫
B˜1(Q 0)
∣∣∇˜(ηu˜k)∣∣2 dv˜M  k(2k + 1)
(4k − 3) ρ
∫
B˜1(Q 0)
η2u˜2k dv˜M + 3(4k
2 − 1)
4k − 3
∫
B˜1(Q 0)
u˜2k|∇˜η|2 dv˜M
 kC3
∫
˜
(|∇˜η|2 + η2)u˜2k dv˜M
B1(Q 0)
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C3 =max
{
3(4k2 − 1)
k(4k − 3) ;
2k + 1
(4k − 3)ρ
}
max{9;3ρ} ∼
{
δ−2/q, b > 0,
δσ−1−2/q, b = 0, δ  1.
Applying the rescaled Sobolev inequality (20) to the function ηu˜k we get
∥∥ηu˜k∥∥22m
m−2
=
[ ∫
B˜1(Q 0)
(
η2u˜2k
) m
m−2 dv˜M
]m−2
m
 A2
∫
B˜1(Q 0)
∣∣∇˜(ηu˜k)∣∣2 dv˜M + (2δ)− 2q B2 ∫
B˜1(Q 0)
η2u˜2k dv˜M
 A2kC3
∫
B˜1(Q 0)
(|∇˜η|2 + η2)u˜2k dv˜M + (2δ)− 2q B2 ∫
B˜1(Q 0)
η2u˜2k dv˜M
 kC4
{∥∥|∇˜η|u˜k∥∥22 + ∥∥ηu˜k∥∥22}
for all η ∈ C1c (B˜1(Q 0)) and ∀k > 1, with
C4 = A2C3 + (2δ)
− 2q B2
k
< A2C3 + (2δ)−
2
q B2 ∼
{
δ
− 2q , b + B > 0,
δ
− 2q (1− (σ−1)q2 ), b + B = 0,
δ  1.
We are now in the position to perform the standard Nash–Moser iteration procedure.
Let Ri := 32 −
∑i
j=0 2− j−1, so that R0 = 1 and Ri → 12 for i → ∞. Deﬁne Bi := B˜ Ri (Q 0). Choose functions ηi ∈ C1c (B˜1(Q 0))
such that 0 ηi  1, |∇˜ηi | 2i+3, supp(ηi) ⊂ Bi and ηi |Bi+1 ≡ 1; ﬁnally set χi := χsuppηi  ηi , the characteristic function of
the set suppηi . We have∥∥ηi u˜k∥∥22m
m−2
 C4k
{∥∥|∇˜ηi|u˜k∥∥22 + ∥∥ηi u˜k∥∥22} C4k{(1+ 22i+4)∥∥χi u˜k∥∥22},
from which( ∫
Bi+1
u˜
2mk
m−2 dv˜M
)m−2
m
 17C44ik
(∫
Bi
u˜2k dv˜M
)
.
Set ki := γ ( mm−2 )i . Thus
‖u˜‖2ki+1,Bi+1 =
( ∫
Bi+1
u˜2ki+1 dv˜M
) 1
2ki+1 =
( ∫
Bi+1
u˜
2mki
m−2 dv˜M
)m−2
2mki

[
17C44
iki
(∫
Bi
u˜2ki dv˜M
)] 1
2ki
=
[
17C4γ
(
4m
m − 2
)i] 12γ (m−2m )i
‖u˜‖2ki ,Bi . (23)
Set
C5 := [17C4γ ]
1
2γ ∼
{
δ
− 1γ q , b + B > 0,
− (1−(σ−1)q/2)γ q
δ  1,
δ , b + B = 0,
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1
2γ , so that[
17C4γ
(
4m
m − 2
)i] 12γ (m−2m )i
= C (
m−2
m )
i
5 C
i(m−2m )i
6 = e(lnC5)(
m−2
m )
i+(lnC6)i(m−2m )i .
Then iterating (23), we get
‖u˜‖∞,B˜ 1
2
(Q 0)
= lim
i→+∞
‖u˜‖2ki+1,Bi+1
 e(lnC5)
∑∞
i=0(m−2m )i+(lnC6)
∑∞
i=0 i(m−2m )i‖u˜‖2γ ,B˜1(Q 0)
=: C7‖u˜‖2γ ,B˜1(Q 0),
with
0< C7 ∼
{
δ
− m2γ q , b + B > 0,
δ
− m2γ q (1− (σ−1)q2 ), b + B = 0,
δ  1.
This latter, combined with (19), implies
u˜0 = u˜(Q 0) ‖u˜‖∞,B˜ 1
2
(Q 0)
 C7
( ∫
B˜1(Q 0)
u˜2γ dv˜M
) 1
2γ
 C8ζ
1
2γ ,
with
C8 = C7C
1
2γ
2 ∼
{
δ−1, b + B > 0,
δ
−1+m(σ−1)4γ , b + B = 0
δ  1.
Finally, from (18),(
ε−10 ζ
) 1
2γ = 2u˜0  2C8ζ
1
2γ ,
which yields
ε0  (2C8)−2γ = C9(m, A, B,a,b, δ, γ )
∼
{
δ2γ , b + B > 0,
δ2γ−
m(σ−1)
2 , b + B = 0,
δ  1.  (24)
Remark 3. In case the differential inequality (4) has a geometric content then, besides the natural rescaling u˜ = λ−qu of
u, we have also a rescaling of the coeﬃcients a and b, say a˜ = λ−αa and b˜ = λ−βb. Accordingly, q, α, β and σ must be
mutually related by β = 2, α = 2 + q(1 − σ). In particular, in these geometric situations, (21) above follows directly from
(4).
Proof of Theorem 1. To begin with we consider the case where (6) is satisﬁed with limsup < +∞. Assume by contradiction
that, for every D > 2q , there exists a sequence of rays {R(D)k }∞k=1 ⊂ [1,+∞) such that R(D)k → +∞ for k → ∞ and
sup
M\B
R(D)k
u > δk,
where
δk := D[R(D)k ]p
.
Then, for every k, we can ﬁnd R¯(D)k > 0 such that
sup
A(R(D)k ,R)
u >
D
[R(D)k ]p
, ∀R > R¯(D)k .
Choose an integer nk  3 such that nkR(D) > R¯(D) and set R(D) ′ := 1 R(D) and R(D) ′′ := (2nk + 1)R(D) ′ .k k k 2 k k k
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
(k)
0 :=
∫
M\B
R(D) ′k
u2γ dvM
so that ∫
A(R(D) ′k ,R
(D) ′′
k )
u2γ dvM  (k)0 .
We have[
R(D) ′k
]q
sup
A(2R(D) ′k ,R
(D) ′′
k −R(D) ′k )
u 
[
R(D) ′k
]q
D
1
[R(D)k ]p
>
[
R(D)k
]q−p
2−qD
> 1

(

(k)
0
)− 12γ ( ∫
A(R(D) ′k ,R
(D) ′′
k )
u2γ dvM
) 1
2γ
.
Applying Theorem 1 with R1 = r = R(D) ′k , R2 = R(D) ′′k , 0 = (k)0 and δ = δk and recalling estimate (24), we obtain[
R(D)k
]p(2γ−ξ) ∫
M\B
R(D) ′k
u2γ = [R(D)k ]p(2γ−ξ)(k)0

[
R(D)k
]p(2γ−ξ)
C10δ
(2γ−ξ)
k
= C10D(2γ−ξ),
for k large enough and for some positive constant C10 which does not depend on δ. Since D is arbitrarily large, this
contradicts assumption (6), completing the ﬁrst part of the proof.
If assumption (6) holds in the case limsup = 0, we can reproduce the above proof with D = 2q+1, to obtain
limsup
R→∞
{
Rp sup
M\BR
u
}
 2q+1. (25)
Now we prove that
limsup
R→∞
{
Rp sup
M\BR
u
}
 ε, 0 < ∀ε  1.
To this end, we consider the non-negative function uˆ ∈ liploc(M) deﬁned by uˆ := αu, where α = 2q+2ε > 1. We note that uˆ is
a solution of (4) satisfying the same assumptions of u. Indeed, obviously, uˆ ∈ L2γ and, if 〈˜, 〉 = λ2〈, 〉, λ = const. > 0, then
˜ˆu = αu˜ = α u
λq
= uˆ
λq
.
Moreover
uˆ = αu −aαuσ − bαu = −a uˆ
σ
ασ−1
− buˆ −auˆσ − buˆ.
Finally
limsup
R→+∞
{
Rp(2γ−ξ)
∫
M\BR
uˆ2γ
}
= α2γ limsup
R→+∞
{
Rp(2γ−ξ)
∫
M\BR
u2γ
}
= 0.
We can then apply (25) to uˆ, thus obtaining
2q+1  limsup
{
Rp sup uˆ
}
= 2
q+2
ε
limsup
{
Rp sup u
}
,R→∞ M\BR R→∞ M\BR
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limsup
R→∞
{
Rp sup
M\BR
u
}
 ε
2
< ε.
Since ε is arbitrarily small, this concludes the proof. 
3. Uniform decay estimates under volume conditions
In this section, we consider a solution u  0 of (4) in the special case b = 0 and we show that a slow volume growth of
the geodesic balls of M implies a control on the decay at inﬁnity of suitable integral norms of u; see Theorem 4. This fact,
in particular, when combined with Theorem 1, will enable us to deduce the rate of uniform decay at inﬁnity of u under
volume conditions; see Theorem 6 below. The case of faster volume growths will be also considered. Some remarks in this
direction will be given at the end of the section; see Theorem 8 below.
To begin with, elaborating on ideas of M.C. Leung, see Theorem 2.2 in [12], we observe the following
Theorem 4. Let (M, 〈, 〉) be a complete Riemannian manifold of dimension dimM =m, and let u > 0 be a solution of the equation
u + a(x)uσ = 0, on M \ K , (26)
for some compact set K , where σ > 1 and a(x) is a continuous function satisfying
a1  a(x), on M \ K ,
for some constant a1 > 0. Assume that,
vol BR(o) C1Rν, R  1,
for some constants C1 > 0 and
ν <
2σ
σ − 1 . (27)
Then, for every
0< α < min
{
1;σ − ν(σ − 1)/2}, (28)
u ∈ Lσ−α(M) and∫
M\BR (o)
uσ−α  C2Rν−2
σ−α
σ−1 , R  1, (29)
holds for a suitable constant C2 > 0.
Remark 5. As it will be clear from the proof, Eq. (26) can be replaced by the inequality u + a(x)uσ  0.
Proof of Theorem 4. Let 0 ρ ∈ C∞c (M) be a cut-off function supported outside the set K . Having ﬁxed 0 < α < 1 whose
value will be speciﬁed later, let
d >
2(σ − α)
σ − 1 .
Multiplying both sides of (26) by ρd/uα , integrating by parts and elaborating exactly as in the proof of Theorem 2.2 in [12],
we obtain that, for any suﬃciently small 0< ε  1,
0<
(
a1 − εd
2(1− α)
4α(σ − α)
)∫
ρduσ−α 
(
d2(σ − 1)ε− 1−ασ−1
4α(σ − α)
)∫
|∇ρ|2 σ−ασ−1 ρ(d σ−1σ−α −2) σ−ασ−1 . (30)
For every R  1, we now choose 0 ρ = ρR  1 in such a way that
(a) ρ = 1 on B3R\B2R , (b) ρ = 0 off B4R\BR , (c) |∇ρ| 2
R
on M.
Inserting into (30) gives∫
uσ−α  C Rν−2
σ−α
σ−1 . (31)B3R\B2R
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B3R j \B2R
uσ−α =
j∑
i=0
∫
B3Ri \B2Ri
uσ−α
 C ′Rν−2
σ−α
σ−1
j∑
i=0
(
3
2
)(ν−2 σ−ασ−1 )i
 C ′′Rν−2
σ−α
σ−1 ,
provided α is chosen in such a way that
ν − 2σ − α
σ − 1 < 0.
Such a condition is satisﬁed in view of assumptions (27) and (28). To conclude, we now let j → +∞. 
Combining Theorem 4 with Theorem 1 we deduce the following result. Geometric applications to the non-compact
Yamabe problem will be given in Section 4.2 below.
Theorem 6. Let (M, 〈, 〉) be a complete Riemannian manifold of dimension dimM = m, enjoying the Sobolev type inequality (1),
outside a compact set K ⊂ M. Let u > 0 be a function which rescales as in (3), for some q  1. Assume that u is a solution of the
equation
u + a(x)uσ = 0, on M \ K ,
where a(x) is a continuous function satisfying
a1  a(x) a2, on M \ K , (32)
for some constants a1,a2 > 0, and
1< σ  q + 2
q
.
Assume that
vol BR(o) C Rν, R  1, (33)
for suitable constants C > 0 and
ν <
2σ
σ − 1 .
If u ∈ L2γ (M), for some
γ  m
2q
,
then
lim
R→+∞ R
p sup
M\BR (o)
u = 0, (34)
for every p  q such that either
0 p
{
max
{
m
q
;σ
}}
<
2σ − ν(σ − 1)
σ − 1 , (35)
if B > 0 or
0 p
{
max
{
m
q
;σ
}
− (σ − 1)m
2
}
<
2σ − ν(σ − 1)
σ − 1 , (36)
if B = 0.
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B = 0, γ = m
2q
, 1= q(σ − 1)/2,
conclusion (34) holds with p = q, regardless of the validity of the volume assumption (33).
Proof of Theorem 6. Since all the assumptions of Theorem 4 are satisﬁed, we deduce that u ∈ Lσ−α(M) and (29) holds. On
the other hand, by (32) we have that u is a solution of (4) with a = a2, b = 0. Since u ∈ L2γ (M), applying Theorem 1, we
conclude that
lim
R→+∞ supM\BR
u = 0.
Set
γ˜ =max
{
m
2q
; σ − α
2
}
.
Then, we can ﬁnd Rˆ > 0 such that u  1 on M \ B Rˆ and, in view of (29),∫
M\BR
u2γ˜ 
∫
M\BR
uσ−α  GRν−2
σ−α
σ−1 ,
for every R  Rˆ and for some constant G > 0. As in Theorem 1, let ξ = (σ−1)m2 if B = 0 and ξ = 0 otherwise. It follows that
limsup
R→+∞
Rp(2γ˜−ξ)
∫
M\BR
u2γ˜  G lim
R→+∞ R
p(2γ˜−ξ)+ν−2 σ−ασ−1 = 0,
provided
p(2γ˜ − ξ) < 2σ − α
σ − 1 − ν (37)
and α is chosen as in (28). Note that, for every 0  p  q, (35) implies (37) for α small enough. Therefore, Theorem 1
applies and gives
lim
R→+∞ R
p sup
M\BR
u = 0. 
In Theorem 4 we obtained integral estimates for solutions of (4) with b = 0, provided the volume growth of the geodesic
balls of M was suﬃciently slow. In a second step, Theorem 6, we assumed the validity of a Sobolev inequality and got
uniform decay conclusions. As a matter of fact, the validity of a Sobolev inequality (without potential terms) can be used
directly to get similar results. This follows from the next theorem which is a variation of Proposition 3.1 in [16]; see also
Theorem 9.12 in [15] for the case of Sobolev inequalities with non-constant potentials.
Theorem 8. Let (M, 〈, 〉) be a complete, non-compact Riemannian manifold satisfying the Sobolev inequality, outside a compact set
K ⊂ M,(∫
ϕ2μ
) 1
μ
 A2
∫
|∇ϕ|2, (38)
for some constants A > 0, μ > 1 and for every ϕ ∈ C∞c (M\K ). Let u  0 be a non-null weak solution of the differential inequality
u + auσ + T |∇u|
2
u
 0, on M\K ,
for some σ > 1 and a > 0, T ∈R such that
μ(σ − 1)
μ− 1 − T − 1> 0.
Assume that u ∈ L2γ (M), with 2γ = (σ−1)μμ−1 . Then, u ∈ L2μγ (M) and∫
M\BR
u2μγ  C
R2μ
, (39)
for some constant C > 0 and for every R  1.
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2μ
μ−1 .
Therefore, in a sense, Theorem 8 is complementary to Theorem 4.
Proof of Theorem 8. Let R0 > 0 be so large that K ⊂ BR0 . Since u ∈ L2γ (M), up to choosing R0 large enough, we can assume
that ( ∫
M\BR0
u
(σ−1)μ
μ−1
)μ−1
μ
< A−2
4(μ(σ−1)μ−1 − T − 1)
a(μ(σ−1)μ−1 )2
.
Arguing as in Proposition 3.1 of [16] with the choices (the left-hand symbols refer to [16])
α = μ− 1
μ
, S(α) = A2, q(x) = au(x)σ−1, ψ = u, σ = (σ − 1)μ
μ− 1 , A = −T ,
we deduce, for every φ ∈ C∞c (M\BR0 ),
0<
{
A−2 − Cε,δa
( ∫
M\BR0
u
(σ−1)μ
μ−1
)μ−1
μ
}{∫ (
uγ φ
)2μ} 1μ

{
ε−1Cε,δ + 1+ δ−1
}∫
u2γ |∇φ|2,
where, for any 0< ε, δ  1, we have set
Cε,δ =
(
μ(σ−1)
μ−1 )
2
4
1+ δ
(
μ(σ−1)
μ−1 − T − 1) − ε
.
Now, we choose φ = φR satisfying
(a) φ = 1 on B3R\B2R , (b) φ = 0 off B4R\BR , (c) |∇φ| 2
R
on M.
Then, the above gives{ ∫
B3R\B2R
u2γμ
} 1
μ
 Dε,δ
R2
∫
M\BR0
u2γ ,
for every R > R0 and for some constant Dε,δ > 0. Iterating this latter as in the proof of Theorem 4, we conclude( ∫
M\B2R
u2γμ
) 1
μ

D ′ε,δ
R2
∫
M\BR0
u2γ ,
for a suitable D ′ε,δ > 0. This proves the validity of (39). 
4. Geometric applications
In this section, we present different geometric contests where our main estimating theorem applies. We touch the
submanifold theory (Simons-type inequalities), the non-compact Yamabe problem (Yamabe equation), and the conformally
ﬂat setting (Weitzenbock-type inequalities). Using such a unifying point of view, known results in the literature are extended.
4.1. Submanifolds with parallel mean curvature and ﬁnite total curvature in space-forms
For the ease of notation, we shall limit ourselves to consider constant mean curvature hypersurfaces of dimension m 3.
However, with minor changes in the proofs, all the results we shall present hold for parallel mean curvature submanifolds
of arbitrary dimension and co-dimension.
Let Mm+1c be the (m + 1)-dimensional space-form of constant sectional curvature c. In case c < 0, we identify Mm+1c
with its upper half-space model. By an H-hypersurface we mean an oriented, complete, m-dimensional manifold (M, 〈, 〉)
isometrically immersed into Mm+1c with constant mean curvature (function) H . Up to changing the orientation, if necessary,
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say that f has a ﬁnite Lp total curvature if∣∣II− H〈, 〉∣∣ ∈ Lp(M),
where II stands for the second fundamental form of f and | | is the norm of the traceless tensor
φ = II− H〈, 〉.
We need to recall the following result which easily follows from the L1 Sobolev inequality by D. Hoffman and J. Spruck [10].
Theorem 10. Let f : Mm →Mnc be an isometric immersion, with c  0 and m 3. Let H be the mean curvature vector ﬁeld of f and
suppose that |H| H < +∞. Then M enjoys the L2 Sobolev inequality
‖ϕ‖2
L
2m
m−2 (M)
 S22‖∇ϕ‖2L2(M) + S22H2‖ϕ‖2L2(M), (40)
for some constant S2 = S2(m) and for every ϕ ∈ C∞c (M).
Remark 11. It is a direct consequence of Theorem 10 that each Riemannian product M × Rk , M compact, supports the L2
Sobolev inequality (40) for a suitable H  0. Indeed, according to Nash, ﬁx an isometric immersion g : M →RN . Since M is
compact, the isometric immersion g × id : M ×Rk →RN+k has a bounded mean curvature, so that Theorem 10 applies.
Theorem 1 speciﬁes to the case of H-hypersurfaces as follows.
Theorem 12. Let f : Mm → Mm+1c be a complete, oriented, m-dimensional H-hypersurface in the space-form Mm+1c of non-positive
sectional curvature c  0. Let φ = II− H〈, 〉 be the traceless second fundamental form of f . Then
limsup
R→∞
{
Rp sup
M\BR
|φ|
}
< +∞ (resp. = 0),
provided
limsup
R→+∞
{
Rpτ
∫
M\BR
|φ|2γ
}
< +∞ (resp. = 0), (41)
for some 0 p  1 and γ  m2 , where
τ =
{
2γ if c < 0,
2γ −m if c = 0 and H = 0.
Remark 13. Clearly, the above estimates hold merely assuming that the hypersurface at hand has a constant mean curvature
outside a suﬃciently large compact set.
Remark 14. The case c = 0 and H 
= 0 has not been considered because, according to [3,18,19], H-hypersurfaces in the
Euclidean space with ﬁnite L2γ total curvature are necessarily minimal; see also the discussion following the proof of the
theorem.
Remark 15. In the special case c = 0 and γ =m/2, condition (41) is automatically met and the conclusion of Theorem 12
reads
sup
M\BR
|II| = o
(
1
R
)
, as R → +∞.
We have thus recovered a well-known estimate by M. Anderson [2].
Proof of Theorem 12. Let f : M →Mm+1c be an H-hypersurface, with c  0, H  0 and m 3. From Theorem 10, M enjoys
the L2 Sobolev inequality (40) for every ϕ ∈ C∞c (M). It is also known that the traceless second fundamental form of f
satisﬁes a Simons type inequality from which one deduces that the locally Lipschitz function u = |φ| 0 satisﬁes
u + (mc)u +
(
1+ (m − 2)
2
4(m − 1)
)
u3  0,
pointwise where φ 
= 0 and weakly on all of M; see [1,3,18].
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M
m+1
c is an H˜-hypersurface with
H˜ = λ−1H .
Note also that
u˜ = |φ˜|M˜ =
1
λ
|φ|M = 1
λ
u.
Therefore, to conclude, we can apply Theorem 1 with the choices u = |φ| and q = 1. 
It is a by now well-known general philosophy that, under reasonable requirements, the non-compactness of the H-
hypersurface forces the mean curvature H to be small compared with the curvature of the ambient space. More precisely,
suppose we are given an isometrically immersed hypersurface f : M → Mm+1c , c  0, with constant mean curvature H
(outside a compact set). Suppose also that f has a ﬁnite Lp total curvature for some p m. If M is non-compact, then
H2 + c  0.
In particular, if c = 0, then H = 0, i.e., the immersion is minimal (at inﬁnity); see [3,19]. Indeed, since the H-hypersurface
at hand has a ﬁnite Lp total curvature, some p m, by Theorem 12 above we have
sup
M\BR
|φ| → 0, as R → +∞.
Therefore, as shown in Lemma 2.1 of [7], we can apply a result by P.-F. Leung [13], to conclude the Ricci curvature estimate
Ric (m− 1)δ2 on M\BR0 ,
for some R0 > 0 and some δ > 0. The asserted property is now achieved as a very special case of well-known extensions of
the Bonnet–Myers theorem, see [8].
In case the ambient space-form Mm+1c is hyperbolic, namely, if c < 0, we are able to deduce information on the structure
at inﬁnity of M provided the mean curvature H is small enough. Recall that an end of M with respect to a compact set
Ω ⊂ M is any of the unbounded connected components of M \ Ω . By the geodesic completeness assumption, M \ Ω has
only a ﬁnite number of such unbounded components, say n(Ω). Clearly, n(Ω) monotonically increases with Ω . In case n(Ω)
stabilizes to a ﬁnite integer k < +∞ as Ω ↗ M exhausts M , we say that M has ﬁnitely many ends.
Classical minimal submanifolds theory suggests that a ﬁniteness result for the number of ends could be achieved once
we have a suitable pointwise control of the second fundamental tensor (curvature estimates), see e.g. [2]. In fact we are
able to prove the following
Theorem 16. Let f : Mm → Nn be an isometric immersion of the complete, connected m-dimensional Riemannian manifold (M, 〈, 〉)
into the n-dimensional Cartan–Hadamard manifold N of sectional curvature NSect  c < 0. Suppose the radial second fundamental
form satisﬁes∣∣IIx(∇r,∇r)∣∣ L(r(x)),
where r(x) is the distance function from some ﬁxed origin o ∈ M and L(s) : [0,+∞) → [0,√−c] is such that
lim
s→+∞
{√−cs − s∫
R0
L(t)dt
}
= +∞, (42)
for some R0 > 0. Then the immersion f is proper, and M has at most a ﬁnite number of ends, say E1, . . . , Ek. Moreover, setting H for
the mean curvature vector ﬁeld, if
sup |H| = h < +∞
with
(m− 1)√−c −mh > 0,
then, for each i = 1, . . . ,k,
AeBR  vol(BR ∩ Ei), R  1, (43)
where A, B > 0 are suitable constants depending only on m, h and c and BR denotes the geodesic ball of M centered at o and of
radius R.
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space, has been previously considered in the paper [6] by P. Castillon. Note also that, even in this special situation, the
volume growth estimate of the ends is new.
We note that, combining Theorem 16 with the curvature estimates of Theorem 12 and using Gauss equations and the
Petersen–Wei integral comparison theorem (see [14], and Chapter 2.2 in [15]), we immediately get the next
Theorem 18. Suppose the H-hypersurface f : M →Mm+1c =Hm+1c , c < 0, has a ﬁnite Lp total curvature, for some p m. If
H <
m − 1
m
√−c,
then the immersion f is proper, and M has at most a ﬁnite number of ends E1, . . . , Ek whose volumes satisfy
A1e
B1R  vol(BR ∩ Ei) A2eB2R , R  1,
where A1, A2, B1, B2 > 0 are suitable constants depending only on H, m and c.
Proof of Theorem 16. We set ρ(y) = distN (y, f (o)), where o ∈ M is the reference point in the statement of the theorem.
Moreover we deﬁne functions
snc(t) := 1√−c sinh(
√−ct),
cnc(t) = ˙snc(t),
inc(t) =
t∫
0
snc(q)dq.
Let γ be any unit-speed minimizing geodesic issuing from γ (0) = o. By the composition law of the Hessians, we have
MHess
(
inc
(
ρ( f )
))= NHess(inc(ρ))(df ,df ) + d(inc(ρ))(II).
Furthermore, by Hessian comparison,
NHess
(
inc(ρ)
)
 cnc(ρ)〈, 〉N .
Therefore, on noting that∣∣∇(inc(ρ))∣∣N = ∣∣snc(ρ)∇ρ∣∣N = snc(ρ),
we get
d2
ds2
inc
(
ρ
(
f (γ )
))= MHess(inc(ρ( f )))(γ˙ , γ˙ )
 cnc
(
ρ
(
f (γ )
))− snc(ρ( f ))∣∣II(γ˙ , γ˙ )∣∣
 cnc
(
ρ
(
f (γ )
))− snc(ρ( f (γ )))L(r(γ )).
Whence, integrating over [R0, s], we obtain
d
ds
inc
(
ρ
(
f (γ )
))

s∫
R0
{
cnc
(
ρ
(
f
(
γ (t)
)))− snc(ρ( f (γ (t))))L(t)}dt + d

s∫
R0
1√−c cosh(
√−ct){√−c − tanh(√−ct)L(t)}dt + d
 1√−c
s∫
R0
{√−c − tanh(√−ct)L(t)}dt + d,
with
d = d(c, γ (R0))= d inc(ρ ◦ f ◦ γ (R0)).
ds
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d
ds
inc
(
ρ
(
f (γ )
))= 〈∇ inc(ρ( f )), γ˙ 〉
= snc
(
ρ
(
f (γ )
))〈∇ρ( f ), γ˙ 〉,
where〈∇ρ( f ), γ˙ 〉 ∣∣∇ρ( f )∣∣ ◦ γ  1. (44)
Therefore
snc
(
ρ
(
f (γ )
))
 snc
(
ρ
(
f (γ )
))〈∇ρ( f ), γ˙ 〉
 1√−c
s∫
R0
{√−c − tanh(√−ct)L(t)}dt + d. (45)
For any x ∈ M \ BR0 , choose a minimizing γ issuing from γ (0) = o. Then, x = γ (s) with s = r(x) > R0 and assumption (42)
ensures that the integral in (45) diverges as s tends to inﬁnity. Thus we get
f (x) → ∞, as x → ∞,
i.e. f is a proper map.
As above, for any x ∈ M \ BR0 , choose a minimizing γ from γ (0) = o to γ (r(x)) = x and note that, by (44) and (45), we
have ∣∣∇ρ( f )∣∣(x) = ∣∣∇ρ( f )∣∣ ◦ γ (r(x)) 〈∇ρ( f ), γ˙ 〉

1√−c
∫ r(x)
R0
{√−c − tanh(√−ct)L(t)}dt + d
snc(ρ( f (γ )))
> 0,
provided r(x) > R0 is large enough. According to previous discussions, ρ( f )(x) is a non-negative, smooth, proper function
satisfying
∇ρ( f ) 
= 0 on M \ BR0 .
We deduce the ﬁniteness of the ends by an application of the following classical lemma of Morse theory.
Lemma 19. Let (M, 〈, 〉) be a complete Riemannian manifold. Suppose that M supports a smooth, exhaustion function f : M → R
satisfying |∇ f | 
= 0 on M \ B R¯(o) for some R¯ > 0. Then, there exists R1 > R¯ such that f −1([R1,+∞)) is a half cylinder over f −1(R1),
i.e., it is diffeomorphic to f −1(R1) × [0,+∞).
We now proceed to prove the volume growth estimates. To this purpose, we suppose that M has only one end. Since
the alluded estimates do not depend on the center of the ball, up to changing the constants, the many-ends case follows
easily using a packing argument.
As above, by the composition law of tension ﬁelds and Hessian comparison, since f is isometric we get
M(inc ◦ρ ◦ f )m
{
cnc
(
ρ( f )
)− h snc(ρ( f ))}.
Integrating and applying the divergence theorem give
m
∫
BR (o)
{
cnc
(
ρ( f )
)− h snc(ρ( f ))} ∫
∂BR (o)
snc
(
ρ( f )
)
.
Whence, we obtain
m
(
1− h snc(R)
cnc(R)
) ∫
BR (o)
cnc
(
ρ( f )
)
 snc(R)
cnc(R)
∫
∂BR (o)
cnc
(
ρ( f )
)
that is
m
cnc(R)
snc(R)
−mh
∫
∂BR (o)
cnc(ρ( f ))∫
BR (o)
cnc(ρ( f ))
.
The desired inequality (43) now follows integrating the latter on [R0, R], using the co-area formula, noting that 1 
cnc(ρ( f (x))) cnc(R) on BR and, ﬁnally, letting R0 → 0. 
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Let (M, 〈, 〉) be an m-dimensional manifold, m  3. Denote by s(x) its scalar curvature. The Riemannian metric 〈˜, 〉 is
obtained by 〈, 〉 through a pointwise conformal deformation if 〈˜, 〉 = v2(x)〈, 〉 for some smooth function v(x) > 0. Given an
immersion f : (M, 〈, 〉M) → (N, 〈, 〉N ), between Riemannian manifolds of dimensions dimM =m n = dimN , we say that f
is conformal if the pull back metric 〈˜, 〉M = f ∗〈, 〉N is pointwise conformal to the background metric 〈, 〉M . Setting as above
〈˜, 〉M = v2〈, 〉M , we have
v2 = 1
m
trace〈,〉M
(
f ∗〈, 〉N
)= 1
m
|df |2M ,
the energy density of the map f .
Classically, one deﬁnes u(x) = v m−22 (x) and veriﬁes that the conformal factor u(x) satisﬁes the semi-linear elliptic differ-
ential equation (called the Yamabe equation)
cmu − s(x)u + k(x)u m+2m−2 = 0, (46)
where cm is a constant which depends only on the dimension m and k(x) is the scalar curvature of the deformed metric 〈˜, 〉.
A challenging problem is to establish existence and estimating results for positive solutions u(x) of (46) when the deformed
scalar curvature k(x) is positive or changes its sign. In this direction, relatively few results are known; for comparison with
our main theorem, see e.g. [20] by Q.S. Zhang, and [11] by S.T. Kim.
Note that, in case
c−1m s(x)−b, c−1m k(x) a, on M \ K , (47)
for some compact set K and some constants a,b > 0, (46) implies that u is a solution of inequality (4), with σ = (m +
2)/(m−2). On the other hand, it is easy to verify that a rescaling of the original metric 〈˜, 〉 = λ2〈, 〉, λ = const. > 0, produces
a rescaling of the deformation function u of the form
u˜(x) = u(x)
λ
m−2
2
,
so that, if a Sobolev inequality of the type(∫
M
ϕ
2m
m−2
)m−2
m
 A2
∫
M
|∇ϕ|2 + B2
∫
M
ϕ2, ϕ ∈ C∞c (M \ K ), (48)
holds, we are precisely in the situation described in Theorem 1 and the uniform estimates at inﬁnity of the conformal factor
u can be deduced. If, furthermore, the original metric is scalar ﬂat in a neighborhood of inﬁnity (so that the linear term
in the Yamabe equation disappears) and the volume growth of the underlying manifold is suitably controlled, we can also
apply Theorem 6 and conclude uniform decay estimates under volume conditions. By way of example, we point out the
following
Theorem 20. Let (M, 〈, 〉) be a complete, Riemannian manifold of dimension m  3. Suppose that M is scalar-ﬂat outside a compact
set K ⊂ M and that it supports a Sobolev inequality of the type(∫
ϕ
2m
m−2
)m−2
m
 A2
∫
|∇ϕ|2 + B2
∫
ϕ2, ∀ϕ ∈ C∞c (M \ K ),
with A > 0 and B  0. Assume that
vol BR(o) C Rν, R  1,
for some ﬁxed origin o ∈ M, and some constants C, ν > 0 with
ν <
m+ 2
2
.
Suppose that the background metric can be conformally deformed to a new metric 〈˜, 〉 = u 4mm−2 〈, 〉 with scalar curvature k(x) satisfying
a1  k(x) a2, on M \ K ,
for some constants a1,a2 > 0. If the deformation factor u(x) > 0 satisﬁes u ∈ L2γ (M), for some γ m/(m− 2), then
lim
R→+∞ R
p sup u = 0,
M\BR (o)
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0 p 2sm
m − 2 <
m + 2
2
− ν.
Remark 21. As we observed in the Introduction, in case B = 0 and γ = m/(m − 2), the uniform estimate holds with p =
(m− 2)/2, regardless of the validity of the volume growth assumption.
Remark 22. It is not diﬃcult to construct an example of a complete manifold N with controlled volume growth, supporting
a Sobolev inequality with potential term and scalar ﬂat outside a compact set. For instance, let S be a compact Riemann
surface of genus g  2 endowed with its Poincarè metric of constant Gaussian curvature −1 and let S2 denotes the standard
2-sphere of constant Gaussian curvature +1. Then, according to Remark 11, the Riemannian product M = S×S2 ×Rk enjoys
the desired Sobolev inequality. Furthermore, by the additivity property of the scalar curvature under Riemannian product,
M is scalar ﬂat. Finally, M has a polynomial volume growth of order k. By a perturbation of the metric of M on a compact
set we get the desired manifold N .
A situation of special interest, where the above Sobolev inequality holds, is represented by locally conformally ﬂat man-
ifolds with bounded above scalar curvature.
Recall that the m-dimensional Riemannian manifold (M, 〈, 〉) is said to be locally conformally ﬂat if, for every x ∈ M ,
there is a coordinate chart ξ : U → Rm centered at x ∈ U which induces on ξ(U ) a metric (ξ−1)∗〈, 〉M conformal to the
standard Euclidean metric. If M has a conformal immersion into the standard sphere Sm then M is locally conformally
ﬂat. Conversely, according to a result by N. Kuiper, if M is simply connected and locally conformally ﬂat then M can be
conformally immersed into Sm; see [17]. Now, suppose M has a conformal immersion into the standard sphere Sm , say
φ : M → Sm . Clearly, using the above notations, k(x) = m(m − 1) so that the second condition in (47) is met. Deﬁne the
Yamabe quotient of M as
Q (M) = inf
ϕ∈C∞c (M)\{0}
∫ {|∇ϕ|2 + c−1m s(x)ϕ2}
(
∫
M ϕ
2m
m−2 )
m−2
m
,
where s(x) is the scalar curvature of (M, 〈, 〉). Then, it is known from work by R. Schoen and S.T. Yau [17], that Q (M) =
Q (Sm) > 0. In the special case the scalar curvature of M is such that s(x)  S , for some S  0, (48) is satisﬁed with
A = A(m) = Q (Sm)−1 and B =
√
c−1m Q (Sm)−1S .
With this preparation, applying Theorem 1, one readily concludes the validity of the following
Theorem 23. Let (M, 〈, 〉) be a complete, locally conformally ﬂat Riemannian manifold of dimension m  3 whose scalar curvature
satisﬁes
0 
= sup
M
∣∣s(x)∣∣< +∞.
Let φ : M → Sm be a conformal immersion of M into the standard sphere S. If
limsup
R→+∞
{
R2pγ
∫
M\BR
|dφ|(m−2)γ
}
< +∞ (resp. = 0), (49)
for some 0 p  m−22 and γ 
m
m−2 , then
limsup
R→∞
{
R
2p
m−2 sup
M\BR
|dφ|
}
< +∞ (resp. = 0).
It is important to realize that the integrability condition (49) implies some restrictions on the geometry of the confor-
mally deformed metric
〈˜, 〉 = φ∗〈, 〉 = v2〈, 〉.
Indeed, set for brevity M˜ = (M, 〈˜, 〉). Then, we have the following
Proposition 24. Let (M, 〈, 〉) be a complete, locally conformally ﬂat Riemannian manifold of dimension m 3 whose scalar curvature
satisﬁes supM s(x) < +∞. Let φ : M → Sm be a conformal immersion such that |dφ| ∈ Lm. If M is not conformally diffeomorphic to
the standard sphere then either M˜ is not geodesically complete or its scalar curvature is not bounded from above.
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supports a Sobolev inequality. On the other hand, the integrability assumption of |dφ| means precisely that vol(M˜) < +∞.
But it is known that a complete manifold, with ﬁnite volume satisfying a Sobolev inequality (clearly with a potential term)
must be compact; see Proposition 3.5 in [9]. Standard topological arguments now show that the immersion φ is in fact a
diffeomorphism. 
4.3. Ricci curvature estimates of conformally ﬂat manifolds with asymptotically constant scalar curvature
Let (M, 〈, 〉) be a locally conformally ﬂat, m-dimensional manifold which is realized as an immersed submanifold of Sm .
Suppose that M has a constant scalar curvature
Scal(x) ≡ S, on M \ K ,
for some compact set K ⊂ M . According to what we have seen in the previous section, M enjoys the Sobolev inequality
(∫
M
ϕ
2m
m−2
)m−2
m
 Q
(
S
m)−1 ∫
M
|∇ϕ|2 + SQ (Sm)−1 ∫
M
ϕ2, ∀ϕ ∈ C∞c (M \ K ).
Obviously, in case S  0, the Sobolev inequality does not present any potential term. Let
T = Ric− Scal
m
〈, 〉
denote the traceless Ricci tensor of M . It is known by standard computations (see e.g. Section 9 in [15]) that the locally
Lipschitz function u = |T | 0 is a weak solution of the Bochner-type differential inequality
u − S
m− 1u +
√
m
m− 1u
2  2
m
|∇u|2
u
, on M \ K .
In particular, in case S  0, this latter implies
u +
√
m
m − 1u
2  0, on M \ K ,
while, in case S < 0, we obtain that u solves
u − S
m− 1u +
√
m
m− 1u
2  0, on M \ K .
Since u rescales by a factor λ−2 as the background metric is dilated by a constant factor λ2 > 0, we can apply Theorem 1
to deduce the validity of the following estimating result.
Theorem 25. Let (M, 〈, 〉) be an m ( 3)-dimensional, locally conformally ﬂat manifold which is realized as an immersed submanifold
of Sm. Suppose that M has a constant scalar curvature Scal(x) ≡ S, outside a compact set K ⊂ M. Then
limsup
R→+∞
Rp sup
M\BR (o)
∣∣∣∣Ric− Sm 〈, 〉
∣∣∣∣< +∞ (resp. = 0),
provided, for some p  2 and 2γ m/2, it holds
limsup
R→+∞
Rpτ
∫
M\BR (o)
∣∣∣∣Ric− Sm 〈, 〉
∣∣∣∣2γ < +∞ (resp. = 0),
where, according to the value of S,
τ =
{
2γ if S 
= 0,
2γ − m2 if S = 0.
54 S. Pigola, G. Veronelli / Differential Geometry and its Applications 29 (2011) 35–54References
[1] H. Alencar, M. do Carmo, Hypersurfaces with constant mean curvature in spheres, Proc. Amer. Math. Soc. 120 (1994) 1223–1229.
[2] M. Anderson, The compactiﬁcation of a minimal submanifold by its Gauss map, preprint.
[3] P. Berard, M. do Carmo, W. Santos, Complete hypersurfaces with constant mean curvature and ﬁnite total curvature, Ann. Global Anal. Geom. 16 (1998)
273–290.
[4] G. Carron, Une suite exacte en L2-cohomologie, Duke Math. J. 95 (1988) 343–373.
[5] G. Carron, Inégalités isopérimétriques de Faber–Krahn et conséquences, in: Actes de la Table Ronde de Géométrie Différentielle, Luminy, 1992, in:
Sémin. Congr., vol. 1, Soc. Math. France, 1996, pp. 205–232.
[6] P. Castillon, Spectral properties of constant mean curvature submanifolds in hyperbolic space, Ann. Global Anal. Geom. 17 (1999) 563–580.
[7] M. do Carmo, L.F. Cheung, W. Santos, On the compactness of constant mean curvature hypersurfaces with ﬁnite total curvature, Arch. Math. (Basel) 73
(1999) 216–222.
[8] G.J. Galloway, Compactness criteria for Riemannian manifolds, Proc. Amer. Math. Soc. 84 (1) (1982) 106–110.
[9] E. Hebey, Nonlinear Analysis on Manifolds: Sobolev Spaces and Inequalities, CIMS Lecture Notes, Courant Institute of Mathematical Sciences, 1999.
[10] D. Hoffman, J. Spruck, Sobolev and isoperimetric inequalities for Riemannian submanifolds, Comm. Pure Appl. Math. 27 (1974) 715–727.
[11] S.T. Kim, The Yamabe problem and applications on noncompact complete Riemannian manifolds, Geom. Dedicata 64 (3) (1997) 373–381.
[12] M.C. Leung, Asymptotic behavior of positive solutions of the equation gu+kup = 0 in a complete Riemannian manifold and positive scalar curvature,
Comm. Partial Differential Equations 24 (1999) 425–462.
[13] P.-F. Leung, An estimate on the Ricci curvature of a submanifold and some applications, Proc. Amer. Math. Soc. 114 (1992) 1051–1061.
[14] P. Petersen, G. Wei, Relative volume comparison with integral curvature bounds, Geom. Funct. Anal. 7 (1997) 1031–1045.
[15] S. Pigola, M. Rigoli, A.G. Setti, Vanishing and Finiteness Results in Geometric Analysis: A Generalization of the Bochner Technique, Progr. Math., vol. 266,
Birkhäuser Verlag, Basel, 2008. MR2401291 (2009m:58001).
[16] S. Pigola, M. Rigoli, A.G. Setti, A characterization of space-forms, Trans. Amer. Math. Soc. 359 (2007) 1817–1828.
[17] R. Schoen, S.T. Yau, Lectures on differential geometry, in: Conference Proceedings and Lecture Notes in Geometry and Topology, I, International Press,
Cambridge, MA, 1994.
[18] Y.B. Shen, X.H. Zhu, On complete hypersurfaces with constant mean curvature and ﬁnite Lp -norm curvature in Rm+1, Acta Math. Sinica 21 (2005)
631–642.
[19] S. Xu, Q. Deng, On complete noncompact submanifolds with constant mean curvature and ﬁnite total curvature in Euclidean spaces, Arch. Math. 87
(2006) 60–71.
[20] Q.S. Zhang, Finite energy solutions to the Yamabe equation, Geom. Dedicata 101 (2003) 153–165.
